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ABSTRACT. In this paper we present an introduction to Inversive Congruential Generators
and the Marsaglia Lattice Test. We then develop efficient algorithms for generating the
entire sequence of an Inversive Congruential Generator and computing the Maximal Lattice
dimension and apply these techniques to an exhaustive analysis of maximal lattice dimensions
of all ICGs for all primes 5 < p < 100,000. We also apply these optimizations to the
Compound ICG.

INTRODUCTION

Since the advent of computers, people have wanted a deterministic algorithm for gener-
ating random numbers. The applications range from Monte Carlo simulations to cryptog-
raphy. The interest in deterministic algorithms stems from two principal concerns. First,
non-deterministic generators such as radio noise or Lava Lite® lamps [1] are impractical.
Secondly, such chaotic generators do not provide reproducible data for numeric experi-
ments; if a deterministic algorithm is used, one need only provide the initial conditions
and the entire experiment is reproducible.

Of course the idea of “deterministic randomness” is a bit of an oxymoron. Instead,
algorithms are chosen which provide sequences which behave like random numbers under
various statistical tests [12; Chap. 5]; these then are so-called pseudorandom number
generators. The classic example is the Linear Congruential Generator, introduced in 1949
by Lehmer [13], wherein a seed value z¢, two parameters a and b and a prime p are chosen
and the sequence is then generated by computing z,41 = ax, + b (mod p). While this
generator performs well under several tests [14], Marsaglia, in 1968 [2] introduced the
Lattice Test and demonstrated that this generator has a “flaw”. That is, regardless of
the parameters chosen, if we consider n-tuples of the sequence {z,z5..} generated by an

LCG plotted in n-space, then “the points are about as randomly spaced in the n-cube as
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the atoms in a perfect crystal at absolute zero” [2; pg. 25]. This structure can have a
disastrous effect on the outcome of a simulation, as demonstrated by Eichenauer and Lehn
[3; pg. 323]

Note that this does not mean the LCG is not a “good” pseudorandom generator. In
fact, every pseudorandom number generator must fail some statistical test simply because
it is deterministic. Peter Hellekalek suggests the following interpretation: “Pseudorandom
number generators are like antibiotics. ... Any type of generator has some unwanted side-
effects” [10; pg. 1] This presents a problem because for example, the result of a Monte
Carlo simulation should be dependent on the model not the nuances of the generator. In
order to separate the behavior of the model from the generator, the idea is to run the
simulation several times using generators with mutually exclusive defects.!

In order to do this, we need examples of different generators and the properties that
they posses. This leads us to the question of which generators avoid the lattice behavior of
the LCG. In 1986, Eichenauer and Lehn [3; def. 2] introduced the Inversive Congruential
Generator which is similar to the LCG except the recursion uses an inverse: x,4; =
az, ' +b. In 1988, Niederreiter [6; Thm. 1] and Eichenauer et al. [11; thm. 2] provided
lower bounds for the maximal lattice dimension of the ICG and thus proved that it has
“good” lattice properties. In 1992, Flahive and Niederreiter [4; thm. 3] improved this lower
bound again, but the theoretical lower bound is still lower than empirical tests suggest.
In order to explore the lattice behavior of the ICG, it may be helpful to construct more
empirical evidence. The goal of this paper is to test the maximal lattice dimension for all
maximal period ICGs for all primes 5 < p < 100000. In the process of generating these
results, we will arrive at some efficient techniques for computing complete ICG sequences
for small p, as well as efficient ways of finding the proper coefficients to guarantee full-length

periods.

§1 BACKGROUND

1.1 Definition: ICG. Let p be a prime integer and fix elements a and b in Z, with a # 0.

Choose a seed value x¢ and generate a sequence {x, } in Z, by :

_{a:l:n_l—l—b if Ty, #0
SR i 2, =0

This generator is called an Inversive Congruential Generator, or ICG.

! Alternatively, one could use a generator whose defects were known not to interfere with the particular
simulation.



ON COMPUTING MAXIMAL LATTICE DIMENSIONS OF THE ICG 3

Note: In order to avoid the arbitrary seed value xg, and to ensure compatibility with
other work, the initial value will always be x¢ = b. This is not a loss of generality since all
of the generators considered here will be maximal period, except where noted (maximal
period is defined shortly). With this convention the generator is completely determined by
the integers a,b and p and we will use the notation ICG(a, b; p) to represent a particular
generator.

Notice also that in light of Euler’s theorem, 2P~! = 1 (mod p), we could use the al-
ternative definition x,4; = ax2~% + b to avoid the piecewise definition. Also, even when

referring to a fragment of a sequence, we will use the notation {zg, zy, ..., 2% }.

Ezample. Consider ICG(2046865,2342; 7531829) :

zo = 2342
zy = 2046865(2342)"" + 2342 =0
xy = 2342

Note that the sequence generated by this ICG is {0,2342}. This would not be a good
generator for a pseudorandom application since the sequence is only length 2. However,
given any ICG the finiteness of modular arithmetic guarantees that the sequence must
repeat eventually. In fact, since inverses are bijective, the sequence will be purely periodic.
The trick then is to pick coefficients a and b so that ICG(a,b;p) will have a very long
period. The best possible conditions would be a full-length period, that is ICG(a,b; p)

generates a sequence {xg, 1, ...,Tp—1} = Zp.

1.2 Definition: Maximal Period Length. Let {z¢,z1,...,x,} be a sequence of distinct
integers in Z,. We say the sequence has maximal length (or period length p) if and only

if {xg,x1, ..., } = Z,, that is every integer in Z, occurs in the sequence.

Thus, one way to test an ICG for maximal length is to compute the entire sequence
and verify that each element of Z, is in the sequence. This can easily be done by hand
for IC'G(2,2;31) which proves the existence of maximal period ICGs. Of course, maximal
period is a property we would like to guarantee before computing the sequence, especially
for large p. As it turns out, there is a very nice relationship between maximal period ICGs

and polynomials. First, some notation:

1.3 Definition: Multiplicative Order. Let z be an element of a finite field F. The
multiplicative order of z is the least positive integer k such that z* = 1. We will use the

notation |z| to represent the multiplicative order of z.
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As shown in [9; sec3.2, thm 8], if we let ¢ be the number of elements in F', then z/~1 =1
(mod p) for every z € F*. This shows that the multiplicative order is well defined. Also,
in the same section of [9] we have if |z| = k then k must divide ¢t — 1.2 Finally, notice that

if F'= Z,, then this result is Euler’s Theorem z?~! =1 (mod p).

Ezample. Compute the order of 20 in F = {a + b6 | a,b € Z3,0* = 2}:

Thus, |26| = 4, which as expected divides 3% — 1.

This example also motivates the idea of field extensions. Notice that the polynomial
f(z) = 2% + 1 is irreducible over Z3 since it has no roots, but is reducible over F, since
f(0) =2+ 1 = 0. This of course is expected since in the definition of F, 8> = 2 which is
equivalent to #* —2 = 0. Thus F contains a root, namely 6, of z? — 2, which is equivalent
to f(z) since —2 =1 in Z3. Consequently, by adjoining 6 to Z3 in the context of a vector
space, we have created a new field F' in which f(z) factors.?

We can extend this idea to general p by considering a monic quadratic polynomial
flz) = > 4+br+a€e Zy[x] which is irreducible. We then let 6 be a root of f(z) and define
Fp(0) ={a+b0 | abe Z, f(6) = 0}. Then, by definition f(#) = 0 and by observation,
f(—=b—0) = 0. Thus both roots of f(z) are in F,(f), and f(z) factors completely over
Fy(6)

Because of the dependence of F},(6) on the irreducible polynomial chosen, it would seem
that each monic quadratic in Z,[z| would have a different field F,(6). However, the field
F,(0) is itself unique, up to isomorphism. In other words every monic quadratic in Zp[z]
factors in F,(#). For example, the irreducible polynomial g(z) = 2% + 2 + 2 € Z3[z] factors
in F since ¢(20 + 1) = 0. This leads us to the definition of the unique field GF(p*).*

2The number of elements in the multiplicative group of F is t — 1 since the additive identity 0 € F does
not have a multiplicative inverse.

3We are avoiding the question of whether F is really a Field. This will always be the case provided
that f(z) is irreducible over Z, [9; Ch. 7, Prop. 12, pg. 254].

*While we have limited this discussion to quadratics, the result is valid for degree n irreducible poly-
nomials over Zp, where the extension is a n-dimensional vector space over Z,, called GF(p"). In fact,
extensions need not be limited to finite fields. For example, by adjoining a root of 22 + 1 to the Real
numbers, we get the field of Complex numbers.
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1.4 Definition. GF(p?*) is the unique, up to isomorphism, finite field with p* elements.

Because of the uniqueness, we can represent GF(p?) by choosing any irreducible monic

quadratic polynomial f(z) over Z, and if f(#) = 0 then

GF(p?)={a+b0 | abe Z,, f(6) =0}

Notice that this is only a representation of GF(p?). The properties of GF(p?) can be
entirely arrived at by starting with the definition of a finite field and the requirement that
GF(p?) has p? elements.

Now we return to the task of establishing a link between maximal period ICGs and

polynomials.

1.5 Definition: Related Polynomial. Given ICG(a,b;p), we call the polynomial
f(z) = 2® — bz — a € Z,[x] the related polynomial.

1.6 Definition: IMP. Let f(z) = 2* — bz — a in Z,[z] have roots o and 3 in GF(p*).
We say that f(x) is an Inversive Maximal Period polynomial, or IMP, if and only if the
quotient % in GF(p?) has multiplicative order p + 1. In other words, |%| =p+1.

Note that if f(z) = #? — bz — a is reducible over Z,[z] then since f(z) is a quadratic,
both roots must be in Z,. Therefore f(z) = (z — a)(z — ) for o, € Z,. But then
the quotient % is also an element of Z, and |%| divides p — 1. Consequently, an IMP is

necessarily irreducible over Zp[z]. Also, for an IMP b # 0, otherwise % =-1€ Z,.

1.7 Proposition. Let f(z) = 2? — bz — a in Z,[x] be an IMP, then f(z) is irreducible
and b # 0.

Finally, we have the following theorem due to Flahive and Niederreiter [4; Theorem 1]

which completely describes maximal period ICGs:

1.8 Theorem. ICG(a,b;p) is maximal period if and only if the related polynomial is an
IMP.

Note: Because of the bi-conditional, any ICG(a,b;p) of maximal period must have a
related polynomial which is an IMP. Thus we will often refer to a maximal period ICG as
an IMP. We close this section with a proof that ICG(2,2;31) is maximal period.

Ezample. Consider ICG(2,2;31) with related polynomial f(z) = 2? —2x—2. The discrim-
inant is 12 which is a quadratic non-residue by Euler’s Criterion: 12'> = —1 (mod 31).

Thus, f(z)is irreducible. Let 3 € GF(31%) be aroot of f(z), so that f(8) = 3?—25-2 = 0.
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We get the following two relations:
2 _ . : Lo :

Now, since f(z) = (z—a)(z—3) = 2 — (a+ 3)x+aB we have a8 = —2 and so a = _72

We now look at the quotient of the two roots and apply the above relations:

== 2B = 2B 44 = 226+ 6) = 3

By repeated reduction, we compute the following powers of %:

(5) =(B—3)%=11-148

4
2 — o 32: B
<ﬂ> (11 —48)? =68 —2

8
<%> = (68 —2)* =178+ 14

<E> = (178 +14)" = 1

The last line shows that (%)32 = 1 so that the order of || must divide 32. However,
the proper divisors of 32 are 2,4,8,16 and we’ve seen that none of these exponents of &

8
yield 1. Thus, |%| =32 and f(z) is an IMP.

§2 MARSAGLIA LATTICE TEST

Now that we have some background on maximal period ICGs, we shall introduce the
Marsaglia Lattice Test. Consider a sequence {zg,z1,...,any—1} C Z, with period length
N > 2. For a fixed dimension d, we define a set of vectors V;i for 0 <7 < N —1 in the

vector space Z;,l as follows:

d d
v, = (wz T X0y Ti4+1 T Lly ey Tibd—1 — $d—1) S Zp

and let V¢ be the subspace of Z]‘f spanned by the vectors {v¢,v{,...,v&_|}. We now get
the following definition of the MLT [15]:
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2.1 Definition: Marsaglia Lattice Test or MLT. A sequence {z,} passes the lattice
test for dimension d if V? = Zd that is, d equals the dimension of V% as a vector space

over Z,.

Notice that if for some D the set {vP} spans ZD then for non-negative d < D the

projections, v, into Zd will span Zd By the contrapositive, if {z,} fails the lattice test

77

for a dimension D, then it also fails the lattice test for all d > D. This proves the existence

of a maximal dimension:

2.2 Definition: Maximal Lattice Dimension. Given a sequence {x,}, we define the

maximal lattice dimension to be the unique positive integer D such that the sequence

passes the MLT for all d < D and fails the MLT for all d > D.

Notice that Marsaglia’s Lattice Test can be applied to any modulus. Since we are
interested in maximal period ICGs, we will consider only the case N = p. With this
restriction, the assumption that zo = b does not change the maximal lattice dimension, as
proved in [4; Lemma 2]. We now obtain lower and upper bounds for the maximal lattice

dimension D.

2.3 Theorem. Let {z,} be any sequence in Z, of period p # 2. Then the maximal lattice
dimension D satisfies D < p — 2.

Proof. First we observe that since vl = 0 the span of the p-vectors v}, ..., V£_1 can not be

Zb. Thus the sequence fails the lattice test for d = p implying D < p. For the dimension

p — 1 lattice test we have the following:

p—1 p—1
p—1 _
\s = ($ — X0, T4+l — XLy ey Tidp—2 —$p_2)

p—1 p—1 p—1

= E i ”Co ) E LTit1 — ”01 ¥ E ($i+p—2 - $p—2)
i=0 =0 i=0
p—1 p—1 p—1

= E (zi) — pxo, E (Tit1) — pa1, .. E ($i+p—2) — PTp—2
i=0 1=0 i=0
p—1 p—1 p—1

= E Ty, E L1y ey E Tytp—2
i=0 =0 =0

Now, since the sequence z, has period length p, we have that {z¢,z1,....,2p—1} = Z, so
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that that for any integer k € Z,,

Z+ :pi_ Pp+1) _

, : 2
7=0 =0

Thus, Zf:_ol Vf_l =(0,0,...,0). Consequently, the {vf_l} vectors are linearly dependent
and VP~ £ Zp—1,

Notice that the critical step in the proof of (2.3) was the fact that the sum included
every element of Z,, so that we could apply the Gaussian identity and directly prove that
the {v? _1} vectors are linearly dependent. Fortunately, when computing the maximal
lattice dimension D < p — 2 of IMP sequences, we can apply a result by Eichenauer and
Niederreiter [5; pg. 246] to avoid working directly with the linear dependence of the vectors

d

v

2.4 Theorem?®. An IMP sequence passes the MLT for all dimensions d such that:

d < max{k < p—2| Z nP=1=ke, £ 0}
ne€zy,

Corollary. An IMP has maximal lattice dimension D = p — 2 if and only if

ann#o

nezy,

As an example of the application of this result, we prove that ICG(2,2;31) has a

maximal lattice dimension of p — 2:

Ezample. Compute the maximal lattice dimension of ICG(2,2;31).

From the last section we have seen that IC'G(2,2;31) is an IMP. A short computation
reveals that if {z,} is the sequence generated by ICG(2,2;31), then Zﬁ;é nr, =8 # 0.
Thus ICG(2,2;31) has maximal lattice dimension D = p — 2.

This result combined with (2.3) proves that the best possible upper bound for the
maximal lattice dimension of IMPs is D < p — 2. This however is not the lower bound
for IMP maximal lattice dimensions; for example ICG(28,14;31) has a maximal lattice
dimension D = p — 4. What then can we say about a lower bound for the maximal lattice
dimension of IMPs? Niederreiter [6: Theorem 1] has the following result:

5Eichenauer and Niederreiter prove the theorem for nonlinear maximal period generators, of which
IMPs are a subclass
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2.5 Theorem. Let {z,} be an IMP sequence in Z,. Then the maximal lattice dimension
D is at least (p+1) /2.

Recall from the Introduction that part of the reason that ICGs were introduced in [3;
def. 2] was in response to the MLT, which showed a “defect” in the LCG. For completeness,

we now prove this weakness of the LCG:

2.6 Theorem. The Linear Congruential Generator =, 11 = ax, + b fails the lattice test
for d > 2.

Proof. We show that the LCG fails the lattice test for d=2. Consider the vectors v} = (z;—
T, Tiy1—21). Applying the relation z,,41 = ax,, +b we have ;41 —2; = az;+b—axg—b=
a(z; — zg). Thus for any 4, v = (z; — 29)(1,a). Consequently, V? = span{(1,a)} # Z]g.
While the MLT identifies the weakness of the LCG, it is not, as with any other test, a
panacea. With regards to testing pseudorandom number generators, the MLT is conclusive
only when the lattice dimension is low; in other words, good pseudorandom numbers should
have a high lattice dimension, but a high lattice dimension does not guarantee that a
sequence 1s a good pseudorandom sequence. To prove this, all we need is an example of
sequence with a high lattice dimension which would not perform well under other random

tests. The following example found in [5; pg. 247] does precisely this:

Ezample. Consider the sequence {zg,z1,...,zp—1} = {0,1,...,p —3,p — 1,p — 2}. Then,

applying the previous lemma:

p—3 2
‘ ‘ p P
Y nen= nt42p-1p-2)=p =~ G+ -1=-1#0
nezy, n=1

Where we’ve applied the identity:

k
E2k+1)(k+1) Kk k* &
2 _ — R —
2 = 6 ~3 276

n=1

Thus, the maximal lattice dimension of the sequence is p — 2.

Again, this example shows the limited applicability of the MLT since despite the good
lattice structure, this sequence would certainly not be desirable for most pseudorandom
applications. As FEichenauer and Niederreiter [5; pg 247] note: “This result shows the
weakness of Marsaglia’s lattice test and indicates that this test should only be applied in

addition to other criteria for selecting good pseudorandom number generators.”
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Still, IMP sequences do perform well under standard pseudorandom tests and the lower
bound for the maximal lattice dimension D > (p 4+ 1)/2 is good. Interestingly, empirical
data shows that the best possible lower bound might be much higher than (p +1)/2. The

question which arises then is “what is the lowest maximal dimension of an IMP?”.

§3 COMPUTING WITH MLT - OVERVIEW

Considering the theoretical lower-bound of (p + 1)/2 for ICG MLT dimension, two
possibilities arise. First, this is the best possible theoretical lower bound for a general
ICG; that is, at least one ICG exists with exactly this maximal dimension. Or the second
possibility is that no such ICG exists and the theoretical lower bound might be improved.
If there is a maximal dimension (p + 1)/2 ICG, we might find it with an exhaustive
search. If there is no such ICG, then an exhaustive search may provide the empirical data
for conjecturing a new lower bound. Thus we search for an example of a low maximal
dimension ICG by proceeding through the primes, finding all ICGs and computing the
maximal dimension for each ICG. This process raises three important questions:

Q1. For a given field, how do we find all IMP?

Q2. Since inverses are computationally demanding, how do we compute the ICG se-
quence efficiently?

Q3. Once we have generated the sequence, how do we compute the maximal lattice

dimension efficiently?

§4 QUESTION 1

Based on our exposition, one way to approach Q1 is to directly compute the order of
the quotient o/ of the roots of f(x) = 2? —bx — a for each coefficient pair a and b. This is
an extremely daunting task not only because there are (p — 1)2 possibilities, but because
a, 3 € GF(p*)\Z, whenever f(z) is irreducible.

Fortunately, there exists groups of IMP polynomials which have the same maximal

lattice dimension. This was first proven in [4; Theorem 4]:

4.1 Theorem. Let f(z) = 2% — bx — a be an IMP polynomial. Let f1(z) = 2? — bjx — a;

. 2 b2
with % = -1

™ and b? + 4a is a quadratic non-residue mod p. Then the sequences generated

by f and f,; have the same maximal lattice dimension.

Now if we can identify the IMP families, then we need only compute the maximal lattice
dimension of a single representative for each family. In order to achieve this, and to analyze
the savings, we will find an equivalence between IMP polynomials and a class of order p+1

polynomials [7]. However, we need to introduce some background material first:



ON COMPUTING MAXIMAL LATTICE DIMENSIONS OF THE ICG 11

4.2 Definition: Order of a Polynomial. Let f(z) be a non-zero polynomial over Z,,
with f(0) # 0. Then the order of f(x) is the smallest positive integer e such that f(z)

divides ¢ — 1.

Note: If f(z) € Z,[z] is degree n, then the splitting field of f(z) is a subfield GF(p™).
Thus, all of the roots of f(z) are in GF(p™') which is the splitting field of zP" — 2. Since
f(0) # 0, all of the roots of f(x) are also roots of 2" 1 Now, choose k such that

1 k—1 nl—14k

— 1)1’1c = (xpn! -1y  =..=2zP — 1 where we have
used the identity (a + b)P = a? + b (mod p) [9; Prop. 35, pg. 460]. Since every element
of GF(p™) is a root of 2"

nl—1+k

x? — 1. Consequently, the order of f(x) is well defined.

p¥ > n, and consider (z?"

— 1 with multiplicity p* > n, then f(z) must divide

4.3 Proposition. Let f(z) € Z,[z] be a quadratic polynomial with f(0) # 0. If the order
of f(z) is p+ 1, then f(x) is irreducible.

Proof. Assume that f(z) is reducible, then both roots of f(z) are in Z, since f(z) is a
quadratic. If the roots of f(z) are distinct, then since every element of Z, is a root of
2P —z and f(0) # 0, f(«) must divide 2?~! — 1. But then the order of f(z) is less than p.
If f(z) has a double root, say a € Z,, then we proceed by contradiction: Assume that
f(x) has order p+1, then f(z) divides 2! — 1. Thus, a?™' -1 =a?* -1 =0and a = £1.
Now, if a = 1 then f(z) = (z — 1)? must divide 2P*! — 1, but this is impossible since

Pt — 1 P
z—1 :Z‘x] :p+1:17é0
=1 =0 z=1
Similarly, if a = —1, we have:
2Pt L :
T =Y =-pan=-1#0
z=—1 =0 z=—1

If a polynomial is irreducible, then there is a nice equivalence between the order of the

polynomial and the order of the roots [8; Theorem 3.3]:

4.4 Theorem: Order of an Irreducible Polynomial. Let f(z) be an irreducible
polynomial over Z, and let a be any root of f(x). Then the order of f(x) is equal to the
multiplicative order of « in the splitting field of f(x).
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4.5 Definition: m(z). Given f(z) = 2* —bx —a with a # 0, define my(z) = 2* —( _;2 —
2)z +1

We are now ready to redefine IMPs in terms of the order of my(z), as found in [7;
Theorem 2]:

4.6 Theorem. Let f(z) € Z,[z| be a monic quadratic polynomial of the form f(z) =
x* — bz —a. Then f(x) is an IMP polynomial if and only if ms(z) has order p + 1.

Proof. First, assume that f(z) is an IMP. Then if a and 3 are the roots of f(z) we have

flz)y=2® —bzr —a=(z —a)(z —B)=2>—(a+ Bz + af

from which we see that b = o +  and a = —afl. Now, since f(z) is an IMP, then
la/B| = p+1 > p—1 which implies that the element o/ is not in Z,. At the same time,
o/ must be in GF(p?) since both a and f are the roots of a quadratic in Z,[z]. Applying

Galois theory, the minimal polynomial of a/f must be:

mayp(e) = (¢ —a/f)(z —(a/B)")
Now, since |a/3| = p+ 1 we have that
(/B =(a/B)"" =B/a

Combining these results yields:

mayg(e) = (v —a/B)(z — B/a) =2 —(a/B + f/a)r +1
Focusing on the middle coefficient, o/ 3 + 3/« we see that:
o+ F _(a+B)—2p _
aff aff a
Notice that a # 0 (1.1) so this equation is well defined. Now mq g(x) = my(z), thus

the two polynomials are the same order. Since m,/g(x) is the minimal polynomial of o/

af/B+Bla= - 2.

it is irreducible and thus has order p+1 (4.4). Consequently m ¢(2) must have order p+ 1
and the first direction is proved.

Now let my(z) = x? — (_sz — 2)z 4+ 1 have order p + 1. We wish to show that the
polynomial f(z) = 2? — bx — a is an IMP. First, notice that my(x) is irreducible (4.3).
Thus the roots of m(z) must also be order p+ 1 (4.4). Now, let a and  be the roots of
f(z), then as before we get the equalities b = o + f and a = —a 3 as well as:
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Jr +1

2|

myle) =2~ (5 +

) = 0 so that & is a root of m¢(z) and has

It is now trivial to show directly that m ¢( 5

order p 4+ 1. Thus, f(z) is an IMP (1.6).

<3
8

With this new definition of IMP polynomials, we can now define IMP families.

4.7 Definition: IMP families. If f(z) and g(x) are both IMPs and if my(z) = my(z)
then we say that f(x) and g(x) belong to the same IMP family.

Now we cast (4.1) in terms of mg(z) [7; Theorem 2]

4.8 Theorem. Let fi(z) = 2% — bjz — a; and fa(x) = 2? — byx — ay in Z,[x] such that
my, (x) = myg,(z). fi(z) is an IMP if and only if f;(x) is an IMP. Furthermore, the ICGs

sequences associated with fi(x) and fy(x) have the same maximal lattice dimension.

Proof. The IMP implication is a trivial consequence of (4.6). Now, if fi(z) and fz(x)
are both IMP polynomials then they are both irreducible (1.7) and % + 4a; and b2 + 4a,

2 2
are quadratic non-residues. Finally, since my, (z) = my,(z) we have % = 2—2 Thus, the

hypotheses of (4.1) are satisfied and the conclusion follows similarly.

As we discussed before, each member of an IMP family will have the same maximal
lattice dimension, thus we need only test the maximal lattice dimension of a single repre-
sentative of each family. To analyze how much work this saves in computation we consider

the following found in Chou [7; Theorem 3]:

4.9 Theorem. In the Field Z,: 1) There are exactly @ IMP families, where ¢ is the
Euler totient function. 2) Each IMP family has exactly p — 1 IMP members.

Proof. 1) Each family is governed by the polynomial m(z), which has order p + 1. If
T € GF(p?) is a root of my(x) then by Galois Theory the other root of my(z) in GF(p?)

Usince |7] = p+1. Thus, my(z) = (x —7)(z —77') and so for each

must be 7P, which is 77
pair 7 and 77! there is a different m (z). Consequently, there are exactly half as many
my(x) as there are 7 of order p+ 1 in GF(p?). Since there are exactly ¢(p + 1) elements
of order p + 1 in GF(p?), the result follows.

2) Let m(z) = 2 —ca+1 € Z,[z] be a polynomial of order p+1 and let f(z) = 2 —bx—a

such that my¢(z) = m(z). Thus, =2 _ 9 = ¢ (4.5) and since m(x) has order p + 1

a

it is irreducible (4.3). Thus ¢* — 4 is a quadratic non-residue; in particular ¢ # —2.

Thus _71’2 — 2 = ¢ is equivalent to a = c__i_—b; Finally, f(x) is an IMP (4.6), thus b # 0
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(1.7). Consequently for every b € Z; the equation a = c__i_—b; has a non-zero solution for a.

Therefore, the IMP family of m(x) has exactly p — 1 members.

Corollary. In Z, there are exactly w IMP polynomials.

Consequently, by using IMP families we reduce the number of IMP dimension tests by
a factor of p — 1. While this does reduce the number of overall computations, we still need
a way to find all IMP families. Because of (4.6), this task is equivalent to finding all order
p + 1 polynomials, which in turn is equivalent to finding all ay € GF(p*) of order p + 1
(4.4). Consider m(z) = ¥ —cr+1e€ Zy[z] of order p+ 1. If a is a root of m(z), then we
have already seen that m(z) = ( — a)(z — a?) thus ¢ = a + aP. Since m(z) is irreducible
(4.3), we know that o has order p + 1 (4.4). Now, since GF(p*) is cyclic, all of the order
p + 1 elements of GF(p?) are equal to a* for some k with ged (k,p+ 1) = 1. Thus, the
order p + 1 polynomials can be generated by considering m(z) = 2? — cxgz + 1 where
ck = a® + aP* and ged (k,p + 1) = 1. This last expression for ¢ is similar to the solution
to the recursion u, 19 = €Uy — U, since the characteristic polynomial is #? — cz + 1. This

is the essence of Chou’s Algorithm [7; Theorem 7]:

4.10 Theorem: Chou’s Algorithm.
Let m(z) = 22 —cx+1¢€ Zy[x] have order p+1. Let u; be the sequence in Z, generated

by the recursion:

ug = 2, u; = ¢, Upt2 = CUpy] —Up, N1 >0

2 _ugx + 1 have

Then for 1 < k < (p —1)/2 the polynomials gi(x) given by gix(z) = x
order p+1 whenever ged (k,p + 1) = 1. Furthermore, this recursion will generate all monic

quadratic polynomials of order p + 1.

Recall that Q1 was “How do we find the coefficients of all IMP?” We are now in a
position to completely answer this question. First, we discovered that IMPs in the same
family have the same maximal lattice dimension, thus we only need to find the coefficients
of one IMP per family. So the question becomes, “how do we find all IMP families?”
First we choose any IMP; we could use the GF package in Maple for example to find a
polynomial f(z) = 2* — bz — a with roots @ and 3 such that |a/8| = p+ 1. Then the

polynomial m(z) = z? — (_sz — 2)z + 1 has order p + 1. Thus, we can use the value

c= _;’2 — 2 as a seed for Chou’s Algorithm. We then compute the sequence uy and each
time ged (k,p+ 1) = 1 we know that the polynomial g5 = 2% — uxx + 1 has order p + 1.
For each such gi(x) of order p+4 1 choose by # 0 at random and solve a; = u_k—li; then the

related polynomial fy = 2% — byx + ay, is an IMP. Since Chou’s Algorithm will generate all
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monic quadratic polynomials of order p + 1 and each IMP family corresponds to a unique
monic quadratic polynomial of order p+ 1, this will generate all IMP families. This process

is summarized in the following example:

Ezample. Given the IMP f(z) = 2% — 22 — 5 € Z;7[«] find a representative for each IMP

family in Z,7. First we compute c:

Now we use ¢ to seed Chou’s Algorithm, uy = 2 and u; = ¢ = 4, then we use ug4o =
Urtg4r —ug for 1 <k <(p—1)/2:

u = 4 us = 4(4) — 2 = 14 uy = 4(14) —4 =1
we=4(1) — 14 = us = 4(7) — 1 = 10 us = 4(10) — 7 = 16
ur = 4(16) — 10 = ug = 4(3) — 16 = 13

Now ged (k,18) = 1 only when k € {1,5,7}. Thus uy,us,ur correspond to order p + 1
polynomials. Notice that this gives 3 IMP families which agrees with ¢(17 +1)/2 = 3

(4.9). Now we choose b = 1 for each uy and solve for aj:

-1
a) = =14
U1—|—2
-1
= :7
@5 u5+2
S T
a7_'d7—|—2_

Thus we have the three representatives:

ICG(14,1;17),  ICG(7,1;17),  ICG(10,1;17)

§5 QUESTION 2

Now that we can find all IMP families for a given p, we want to find an efficient way for
computing the IMP sequences; the problem is that inverses are time consuming to compute.
While good algorithms for computing inverses already exist, the interest in computing the

full sequence of all IMP for a fixed prime introduces special optimization opportunities.
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Consider computing the full sequence for all IMP for a fixed p. We would need no less
than p — 1 inverses for each of the ¢(p+ 1)/2 IMP families thus (p —1)¢(p+ 1)/2 inverses.
However, we can simplify this by noticing that for a fixed prime each of the IMP sequences
needs the inverses of the same elements, namely Z,, so in fact we need compute no more
than (p — 1) inverses. The drawback to this idea is storage; in order to implement this, we
need to remember the inverses of all of Z,. While this approach would not work for large
primes, it is feasible for primes less than a few million.®

With the mind set of computing inverses and storing them, we consider the following
approach: We employ an efficient inversion algorithm to compute the inverse of each
element in Z, and store the results in a 1 x p matrix. This technique can be further

optimized, which the following example will demonstrate:

Ezample. Compute the inverse of 231 € Z4901.

The principle technique for computing inverses is to apply the Euclidean Algorithm to
a Linear Diophantine equation as follows: solve the equation a231 + 54001 = 1 for integers
a,b € Z,, then 2317! = a. First, we apply the Euclidean Algorithm to 4001 and 231:

4001 = 17(231) + 74
231 = 3(74) 4+ 9
74 = 8(9) + 2
9=4(2) +1

Now we begin with the last equation and substitute the previous equations for the

intermediate remainders:”

1=9—4(2) =9 —4(74 — 8(9)) = 33(9) — 4(74)
= 33(231 — 3(74)) — 4(74) = 33(231) — 103(74)
= 33(231) — 103(4001 — 17(231)) = 1784(231) — 103(4001)

Now that we have the solution 1784(231) — 103(4001) = 1, we see that 23171 = 1784.

Notice that 1784~! = 231 and since (—1)"! = —1 we also get two more inversions,
namely (—1784)"1 = —231 and (—231)"! = —1784. Thus the single inversion of 231 has
provided the inverse of four elements in Z,.

61t is not unusual for a modern computer to have more than 100 megabytes of RAM, which can store

more than 25 million 32-bit integers, equivalent to testing p < 25 x 10°.
"This can be done more efficiently, but for clarity we present the general idea
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Moreover, since we need the inverse of all the elements in Z,, we can actually eliminate
the Euclidean Algorithm altogether. Consider the first equation in the previous example
4001 = 17(231)+74 which can be reduced to 231! = (=17)74~!. That is, if 747! is known,
then we can compute the inverse of 231 with only one division and one multiplication. This

idea is summarized in the following:

5.1 Proposition. Given z € Z,\{0,1}, p > 2, there exist r,d € Z,, 0 < r < z such that

= —dr—1,

Proof. Since = can not divide p, this is a single application of the Quotient-Remainder

Theorem to p and xz: p=dx +r for 0 <r < z.

5.2 Definition: I,-function. Let I, : Z, — Z, be the function I,(z) = 2! for every
x € Zy and I,(0) = 0.

We now apply the previous inversion ideas to computing I, in as few steps as possible.

We consider multiplications and divisions to be one operation, or op, each.

5.3 Proposition. The I,-function can be completely determined in 2[(p — j)/4]| ops,

where j is the number of initial conditions.

Proof. We begin by considering the I,-function as a 1 x p matrix. Then we set the initial
values 1,(0) = 0, Ip(1) = 1, and I,(p—1) = p—1. Next we compute I,(2) by applying (5.1)
to the equation p = d(2)+r. Since the only possible value for r is 1 and since I,(1) is known,
the value of I,(2) can be computed in one division and one multiplication, or two ops. We
then set the symmetric values I,(—2) = I,(2), [,([,(2)) = 2, and [,(—1,(2)) = —2. We
continue in this fashion for each « > 2, skipping the computation if I,(z) is already known;
otherwise we compute Ip,(z) = —d,I,(r, ) where I(r; ) is already known since r, < z. Since
inverses are 1-1 each step produces 4 values which are unique from previous steps. This
combined with j initial values implies that the algorithm will terminate in 2[(p — j)/4]

ops.

Once the I, function is initialized, any IMP sequence in Z, can be computed using
Tny1 = alp(xy) + b. While this is better than re-computing the inverses for each of the
é(p+1)/2 IMP families for fixed p, we are still computing a multiplication at each step
of the IMP sequence, namely the al,(z,) term. Since we always multiply by «, this can
actually be included in the inverse function by changing the initial conditions. This gives

the I, ,-function:

5.4 Definition: I, ,-function. Given a € Z, we define the function I, , : Z, — Z, by

I, p(z) = ax™! for every z € Zy and I, 5(0) = 0. When the values a and p are clear we

will refer to this function as the I-function or I(z).
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As with the I,-function, the I, ,-function satisfies the following identities:

I(~2)= ~I(x), I(e) =2, I(~I(z)=—-2, I(ey) =)y~ = I(y)e™

From the last identity, we see that the I, p-function satisfies Proposition 5.1. Also,
notice that if I, ,(z) = I, »(y) then az™' = ay™" which is equivalent to = = y since a # 0.

Consequently, the I-function is 1-1 and Proposition 5.3 holds, with the initial values:

As defined, the terms of an ICG can be computed with I, ,(z) by zny1 = L4 p(2z5) + b.
While we have certainly eliminated the extra multiplications of using the I, function, the
savings from utilizing I,(z) was based on the principle that all of the IMP sequences
for a fixed prime would use the same matrix. By letting the matrix I, , depend on a
we appear to have created an obstacle to this objective. However, recall that Chou’s
Algorithm generates a uy term for each IMP family which is converted to an IMP family

2
representative by choosing aj and by so that uy = _a—l;’“ — 2. If we can fix ¢ = a;, and solve

b2 = —a(uy + 2) then we could use the same I, , to compute the sequence of each IMP.
But, can we fix a so that the equation b7 = —a(uy + 2) always has a solution, and how

can we find the solution?
5.5 Lemma. If f(z) = 2* — bxz — a is an IMP, then —a is a quadratic non-residue.

Proof. As before, let o and 3 be the roots of f(x) so that —a = a. Since f(z) is irreducible
over Z,, the zeros are invariant under any Z,-automorphism of GF(p?); f = a?. Now
choose a primitive element o € GF(p?) so that a = o' for some 1 < ¢t < p?> — 1. Then
a/B = a7t = ¢"P=1) Since f(z) is an IMP, |a/B| = p+ 1 and ged (t,p+1) = 1. In

particular, since p + 1 is even ¢t must be odd.
-1

Now assume that —a is a quadratic residue, then by Euler’s Theorem, (—a)™2 = 1.
This gives us the equality oz(Pt1)(»=1) = 1. But since o is a primitive element, this would

imply that t is even. Therefore, —a must be a quadratic non-residue.

5.6 Definition: r-parameter. Given f(z) = 2> — bz — a an IMP, the r-parameter is

b2

r==.
a

Note: Consider two IMP polynomials fi(z) = 2? — bjz — a; and fa(z) = 2% — by — az
which belong to the same IMP family, thus my, (z) = my,(z) (4.7). This is equivalent to

2 2
the condition that % = 2—2 (4.5). Thus, the r-parameter is invariant for an IMP family.
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Also note that given the r-parameter of an IMP family, one can find all p — 1 members by
solving a = g for every b € Z; (Recall, b # 0 (1.7)). Moreover, in the context of Chou’s

Algorithm, the r-parameters are generated by ry = —uy — 2.

5.7 Lemma. Let r be the r-parameter for an IMP family. Then —(r + 4) is a quadratic

residue, and —r is a quadratic non-residue.

Proof. Let f(z) = 2? —bx—a be a member of the IMP family corresponding to r. Then f(z)
is irreducible (1.7) and b + 4a must be a quadratic non-residue. However, b + 4a = ra +
4a = a(r+4) = (—a)(—(r +4)). Now —a is a quadratic non-residue (5.5) and thus —(r+4)
must be a quadratic residue. Now consider m¢(z) = x?— ( _sz —2)z+1 = x?— (—=r—2)z+1
which is also irreducible (4.3). Thus, (—r — 2)? — 4 must be a quadratic non-residue, but
this term factors: (—r — 2)2 —4=0r4+2-2)(r+2+42)=r(r+4)=—(—r)(r+4). From

the previous result, —(r 4+ 4) is a quadratic residue, and so —r is a quadratic non-residue.

Now, for a fixed prime, all r-parameters satisfy the property that —rj is a non-quadratic
residue. Thus, for a fixed element —a which is a non-quadratic residue, the equation
b2 = ary will always have a solution for by. That is, for fixed a # 0 there exists an IMP
representative for each r-parameter, namely ICG(a,t;p) where t* = ary. Consequently,
we can use the same I, , matrix for computing the sequence of each IMP.

However, while the computation of I, , has been optimized, we now face a new problem
which is how to solve b7 = ary for each of the r-parameters. Notice that for fixed p, we
will need to compute a square root for each IMP family, thus we need ¢(p + 1)/2 or on
average approximately 3p/16 square roots.® The need for many square roots provides an
optimization, provided that p is relatively small. As with I, ,, we solve square roots by
storing the squares of Z,, in a 1 X p matrix. It is important to note that this is only efficient

in the context of this paper; that is when several square roots are required.

5.8 Definition: B, ,-function. Given a € Z; let ® = {0,1,...,(p — 1)/2} and let ¥ =
{z?2a™! | Va € @}. Now let Q: & — ¥ be Q(x) = 2%a™'. Finally, define B, : ¥ — & by
Bup(x) = Q7' (x) When the values a and p are clear we will refer to this function as the
B-function or B(z).

For this definition to make sense, we need to show that Q(x) is 1-1. Let 1,22 € ® such
that Q(z1) = Q(x2), then 27a™! = 23a™!. This is equivalent to 7 — 22 = (21 + 22)(z1 —
x2) = 0. Thus, 21 = 29 or &1 + 22 = 0. If 21 # 23 and x1 + 22 = 0 then x; + x5 = kp for
some k > 0. But this is impossible since z1, 22 € ® implies that 1 + 292 < p — 1. Thus,
r1 = x2, and Q(z) is 1-1.

8This was computed numerically for 2 < p < 100000.



20 POUL E.J. PETERSEN

This function can (like I(x)) be implemented as a 1 x p matrix by setting B, ,(j%a™!) =
j. for 1 < j < (p—1)/2. In order to use this array to solve b7 = ary we set by, = B(r)

since if ry = j%2a™! then b7 = (B(rk))2 = 5% = ary.

Ezample. Given the IMP f(z) = 2% — 22 — 5 € Z;7[z] find a representative for each IMP
family in Z,7 with fixed a = 5.

First we set up the B-function which has the non-zero entries:

Bj3]=7 B[5]=5 B[6]l=8 B[7]=1
B[10]=4 B[11]=2 B[12]=3  B[14] =6

Recall from the last section where we applied Chou’s Algorithm to compute uy, which

we now present as r-parameters ry = —ug — 2:

ry = 11, rs = 0, r7 =12

In order to find a representative for the r5 and the r; IMP families, we fix a = 5 and
then solve by = B[ri]: b5 = B[5] = 5 and by = B[12] = 3. Thus we have the three

representatives

ICG(5,2;17),  ICG(5,5;17),  ICG(5,3;17)

Recall that Q2 is “Since inverses are computationally demanding, how do we compute
the ICG sequence efficiently?” In this section we argued that since we need the entire
IMP sequence, an efficient way to compute the sequence would be to efficiently store
the inverses. We then showed that for a fixed prime, all of the IMP families could be
represented by members with the same a parameter so that we could define an Inverse
function which contains all of the necessary multiplications. This reduced the problem of
computing the ICG sequences to simple addition, once the I-function is initialized with
2[(p — 3)/4] operations. We then resolved the issue of computing square-roots with a
similar technique. Now we need to consider efficient ways to compute the maximal lattice

dimensions.

86 QUESTION 3

Now that we have addressed both Q1 and Q2, it is time to consider Q3, which is given
an ICG “How do we efficiently compute its maximal lattice dimension?” To do this, we
will apply a few symmetries and properties of the ICG sequences. We begin with the a
property of the maximal lattice dimension of ICGs due to [4; Theorem 3]:
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6.1 Theorem. The maximal lattice dimension of an IMP sequence, {z,}, is an odd

integer.

Proof. We claim that for all z,, the following holds:
Tp+ Tp_1—n=0> for 0<n<p ()

First notice that ¢ = b and z,_; = 0, thus the n = 0 case is true. Now suppose
T + tp—1—x = b for some 0 < k < p — 2. Then since 23 # 0 and z,_1— # 0, Tp_1-1 =
a:c;_IQ_k + b from which cmc;_lz_k = Tp_1-k — b= —x by the Inductive Hypothesis. Then
Tp_o_f = —a:r:,?l = b — x341 and consequently zry1 + 2,1 _(k41) = b and (*) follows.

Now let G(z) : Z, — Z, be the unique function such that G(n) = z,. Notice that this
function, as well as any other function on Z,, can be written as a polynomial.” Then the
result of [6; Lemma3] shows that the maximal lattice dimension of the sequence {z,} is
equal to the degree of G(x). From (*) we get the polynomial identity G(n)+G(—1—n) = b.
If we let s = deg(G), then by comparing the coefficients of the n® term:

G(n) = asn® + as_1n® VL +ag
G(—1—-n)=as(-1—n)’+as_1(—1— n)s_l +...+a=(—1)%asn’ + ...

Therefore 1 4+ (—1)® = 0 and s must be odd. Thus the maximal lattice dimension of
{z,} is odd.

This result provides two simplifications to the computing of maximal lattice dimensions.
First, we can skip all even dimension tests. Second, we can combine this result with the

symmetry z, + p—1—n = b to shorten the dimension computation as follows:

6.2 Theorem. The maximal lattice dimension of the IMP sequence {z,} is the largest

odd integer m < p — 2 such that:

(p—3)/2

S (1P (e + I(wn) £

n=0

Proof. First recall (2.4) which states that ICGs pass the Marsaglia Lattice test for all d
such that:

d < max{k < p— 2| Z nP= kg, £ 0}
nezy,

Since the domain Z, is finite, we could represent any function with a finite Legendre Polynomial.

That is, if f(zr) = yi, then f(z) = EkEZp %
j
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If m is the maximal lattice dimension, then the above sum will be 0 for all p—2 > k£ > m.

Since z,—1 = 0 and nz, = 0 for n = 0, we make the following simplifications in the sum:

p—1 p—2 (p—1)/2 p—2
§ np—l—ml,n — E np—l—ml,n — E np—l—m$n + E np—l—mxn
n=0 n=1 n=1 (p+1)/2

Now we re-index the second sum and apply (*) written as: @,4(p—1y/2 = b — T(p—1)/2—n:

(p—1)/2 (p—3)/2
Z nP 1M, + Z (n+(p=1)/2)"" " entp-1)/2
(p—1)/2 (p—3)/2

= D T et Y} (nt(p—1)/2PT(0 ~ 2pm)/2-n)
n=1 n=1

Now consider the change of variables n — (p —1)/2 — n:

(p—1)/2 (p—3)/2
= Z nPi=me, 4 Z nPTITT(b — xy)
n=1

Now pull out the n = (p — 1)/2 term and combine the sums:

(p—3)/2

p_]‘p_l_ —1-—m —1-—m —1-—my’
= 5 ) (p 1)/2_|_ Z nP—1 —(p—l—n)pl )—I—(p—l—n)pl b)

~

Since the maximal dimension must be odd, m and consequently p — 1 — m must also be

odd

?

(p— 1)p—1— (p—3)/2

— 5 x(p 1 /2_|_ Z nP 1— m_I_(n_l_1)P—1—m)_(n_|_1)1)—1—mb)

We now re-order the sum to obtain:

(p=3)/2 (p—3)/2
=214+ Y (n+ 1P @t angn)— Y (1P
n=1 n=1

By applying the identity z,41 = az; ' + b:

(p—3)/2

= Z (n—l—l)p_l_m(:zzn—l—ax,:l)

n=0

And the desired result follows.



ON COMPUTING MAXIMAL LATTICE DIMENSIONS OF THE ICG 23

Corollary:. The IMP sequence {x,} passes the Lattice Test for dimension d = p — 2 if

and only if:
(p—3)/2

S (0 D + I(a)) #0
n=0
Now, since m is the largest odd integer satisfying (6.2), we can compute m for a given
IMP by checking first the dimension p — 2, then p — 4, etc. until the sum in (6.2) is not
ZETO.
Notice that the sum now ranges over 0 < n < (p — 3)/2 and so the number of exponen-
tiations needed in (n + 1)?~!~™ has been reduced by half. Ironically, this is not a great
savings since the vast majority of sequences tested obtain the maximum lattice dimension,

p — 2 as we will see in the next section.

§7 RESULTS

We now present a complete analysis of the algorithm for computing the maximal lattice
dimension of all IMPs for a fixed prime. First, we fix p and choose an IMP at random
using Maple, for example, to find coefficients a,b € Z; so that ICG(a,b;p) is maximal
period. We then use a to initialize the I, , matrix and the B, , matrix. Next, we compute
r = b*/a and ¢ = —r — 2 which we use to seed Chou’s Algorithm. We then proceed
through the ry-parameters generated by Chou’s Algorithm, compute by = B(ry), and use
(6.2) to compute the maximal lattice dimension of the IMP family characterized by rg.
Once Chou’s Algorithm terminates, the maximal lattice dimension of all IMPs in Z, have
been computed, grouped by families. Notice that once I, , and B, , are initialized, the
same matrices are used throughout the entire computation for fixed p.

For the current work, this algorithm was implemented entirely in the C programming
language using integer arithmetic.!? Since the algorithm checks the dimension of all IMP
families for a fixed prime, the task of computing for all p in 5 < p < 100000 was easily
distributed among the workstations of the OSU Mathematics Department by prime. A
single machine held the task of monitoring jobs and submitting new ones, using Maple’s
GF package to generate, at random, the initial a, b parameters of a single IMP for the next
prime. In this fashion, the project was loosely parallelized.

Of the 9,590 primes 5 < p < 100000, there are 84,982,572 IMP families for a total of
5,579,945,320,208 IMPs. It turns out that the vast majority of the IMP families have
a maximal lattice dimension of p — 2. In fact, of the IMP families only 1,829 families

have a maximal lattice dimension of p — 4 and only one family, p = 691,r = 103, has a

10 Multiplications were cast into floating point, with appropriate sanity checks, to handle overflow.
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maximal lattice dimension of p — 6. There were no IMP families with a maximal lattice
dimension lower than p — 6. Moreover, the distribution of these low dimension families
among the primes was relatively sparse. Only 145 primes had two families with maximal
lattice dimension of p — 4, and only 7 primes had three families with maximal lattice
dimension of p — 4.

While this is certainly not conclusive evidence, the optimistic viewpoint would suggest
that the maximal lattice dimension lower bound of (p + 1)/2 is improvable. The pes-
simistic viewpoint would suggest that given the relative scarcity of low dimension IMPs a

counterexample will be difficult if not impossible to find.

68 FURTHER APPLICATIONS

Although for the project at hand it was easiest to initialize the I matrix before com-
puting, this is not necessary. In fact, the I matrix can be recursively defined so that
the matrix can be loaded while terms of the IMP sequence are being computed. For ex-
ample, when we compute x1 = I(xo) + b, we first divide x¢ into p, as in (5.1) to get
I(zo) = I(—d;'r,) = —d I(r;). Since the remainder r, will decrease, we can implement
the I matrix as a recursive program. We consider the 1 x p matrix I pre-loaded with zeros

and the initial values, and the recursive function I, ,:
8.1 Definition'': Recursive I, ,(z).

I_{a,pr(x): y=I[x]
if y=0 and x !'= 0
then
solve p=dx+r
y=-d*I_p(r) mod(p)
I[x]=y
Ilyl=x
I[p-x]=p-y
I[p-yl=p-r
endif

return y

Now, when I, ,(z) is called, the matrix I will get recursively loaded with all of the

intermediate computations. Ironically, the ICG “mixes”well enough that these interme-

11 See the Appendix for a C implementation
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diate computations rarely overlap. That is, a significant percentage of the complete ICG
sequence is often computed before a call to I, ,(x) returns without recursing.

However, if a large percentage of the complete IMP sequence will be needed, this recur-
sive algorithm will provide an improvement over using direct computation of inverses since
each recursive call to I, ,() is no worse than a typical inversion algorithm. In fact, the
time to compute n terms of the IMP sequence with the recursive I, ,(x) is proportional to
the logarithm of n, rather than linear. Of course the cost is memory, which forces the use
of relatively small primes. However, we can partially circumvent this restriction as well. If

we use distinct primes p/ and an IMP from each, we can compute the Compound ICG, or

CICG found in Eichenauer-Herrmann [16]:

8.2 Definition: Compound Inversive Congruential Generator. Let p/ be a set of
distinct primes and y) be a collection of IMP sequences'? with each y? in Zyi. Then the

Compound ICG is given by:

Notice that the CICG generates pseudorandom numbers in the interval [0,1). Also,
since the p’ are distinct and each sequence y? is an IMP, the CICG =, will have period
H]‘ P

This generator preserves many of the good features of the ICG (see [16], [10]) and can
achieve relatively long periods with small primes. Thus, we could implement the I matrix
as a j X k matrix, where j is the number of primes and k = max; {p’} and write a similar
recursive initialization as (8.1). In this manner, we can achieve much longer period lengths
than the ICG in the same amount of memory. For example, if we wanted a generator with
a period length of 10?%, we could use 4 primes on the order of 10° for a 4 x 10® matrix;
contrast this to using a single ICG as in (8.1) which would require initializing a 1 x 10%**
matrix. Moreover, if we wanted 10° terms of this generator, we could choose 6 primes
on the order of 10* and use a 6 x 10 matrix. Then, the 6 x 10* matrix would be fully
initialized after 10* terms of the sequence have been generated. This will significantly

improve the performance of the CICG.

89 APPENDIX - CODE AND ALGORITHMS

This program is an implementation of (8.1). It takes as input the parameters a, p, x and

returns the value of I, ,(x) computed recursively.

12[16] states this definition for non-linear sequences
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#include
#include
#include

#include

int *I;

<stdio.h>
<string.h>
<math.h>
<stdlib.h>

int I_p (int x, int p);

int I_p (int x, int p)

{int d,r,y;
if (I[x] == 0 && x '= 0)

{ d=p/x; r=p-d*x;
y=((p-d)*I_p(r,p))%p;

Ilx]=y;
Ilyl=x;
Ilp-x]=p-y;
Ilp-yl=p-x;
}
return I[x];

void main (argc,argv)

int argc;

char **argv;

{ int x, a, p;
sscanf (argv[1],"%d",&a);
sscanf (argv[2],"%d",&p) ;
sscanf (argv[3],"%d",&x) ;
I = (int *) calloc(p,sizeof(int));
I[0]=0;I[1]=a;I[a]=1;
I[p-al=p-1;I[p-1]=p-a;
printf("%d",I_p(x,p));

POUL E.J. PETERSEN
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This program, checkdimall, takes as input the parameters a, b, p and returns a printout

of all r-parameters of non p — 2 maximal lattice dimension families.

#include <stdio.h>
#include <string.h>
#include <math.h>

#include <stdlib.h>

int mult (int x, int y, int p);

int powermod (int x, int y, int p);

int gecd (int x, int y);

int mult (int x, int y, int p)
{ return((int)fmod((double)x*(double)y, (double)p));}

int gcd (int x, int y)
{

int r;

while (y '= 0)

{ r=xly; x=y;y=r; }

return x;

int powermod (int x, int y, int p)
{
int pow, prod;
prod=1;
pow=x;
while (y '= 0)
{ if (y%2 == 1) { prod=mult(prod,pow,p); }
pow=mult (pow,pow,p);
y=(y/2);
}

return prod;
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void main (argc,argv)
int argc;

char **argv;

{ int r, x, mlt, dim, a, b, p, t, t0, t1, t2;
int half_p, full, i_j, temp, a_inv;
int 1i,j,k,count,nopr;
int *B, *I;
if (argc !'= 4)
{ printf("\n Usage: dim a b p \n"); exit(0);}
sscanf (argv[1],"%d",&a);
sscanf (argv[2],"%d",&b) ;
sscanf (argv[3],"%d",&p) ;
if (p%2 != 1)
{ printf("\n p must be an odd prime\n"); exit(0);}
if ((double)p > 32%1024%1024)
{ printf("\n Hmmmm.... this prime may be too large!\n"); exit(0);}
half_p=(p+1)/2;
a_inv=powermod(a,p-2,p);
B = (int *) calloc(p,sizeof(int));
for (i=1;i<half_p;i++) {B[mult(mult(i,i,p),a_inv,p)]l=i;}
I = (int *) calloc(p,sizeof(int));
count=1;3j=2;I[0]=0;I[1]=a;I[al=1;
Ilp-al=p-1;I[p-1]=p-a;
full=((p-1)/4)+((p-1)%h4)/2+1;
while (count < full && j < p-1)
{ if (I[3] == 0)
{ temp=p/j;
i_j=p-mult (temp,I[p-(temp*j)],p);
Iljl1=1i_j;
I[i_jl=j;
Ilp-jl=p-i_j;
Ilp-i_jl=p-j;

count++;
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}
JH+;
}
r=mult (mult(b,b,p),a_inv,p);
nopr=1;
t=p-(r+2)%p;
k=1;t2=t;t1=2;t0=0;
while (r !'= 0)
{
dim=1;
b=B[r] ;mlt=0;x=b;
for (j=0;j<=half_p-2;j++)
{ mlt=(mlt+mult (j+1,x+I[x],p))%p;
x=(I[x]1+b)%p;
}
while (mlt == 0)
{ x=b;dim=dim+2;
for (j=0;j<=half_p-2;j++)
{ mlt=(mlt+mult(powermod(j+1,dim,p) ,x+I[x],p))%p;
x=(I[x]1+b)%p;

}

if (dim !'= 1)

{ printf("r=¥d, (a=%d, b=¥d), p=kd is dim p-%d\n",r,a,b,p,dim+1); }

r=0;

while (r==0 && k<half_p-2)

{ t0=t1;t1=t2;k++;
t2=(mult(t,t1,p)+(p-t0))%p;
£0=t1;t1=t2;k++;
£2=(mult (t,t1,p)+(p-t0))%p;
temp=p-(t2+2)p;
if (gcd(k,p+1) == 1) { r=temp; nopr++; }

b

printf("total r-values: %i \n",nopr);
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The following two listings are “getab.sh”and “getab.txt”. The former is a Unix shell

script which takes as input a prime p and returns the coefficients a, b of an IMP over Z,.

#1/bin/sh
command=’readlib(GF) :read (‘/amaterasu/sd2e/labm/petersp/ICG/code/
get_ab.txt¢):get_ab(’$1’) ;quit;’

echo $command | maple -q | tail -4

And, the Maple segment:
get_ab:=proc(p) local r,a,b,alpha,beta,tau,G;
r:=rand(l..p-1):a:=r():b:=r():
while not Irreduc(x”2-b*x-a) mod(p) do a:=r(): b:=r(): od:
G:=GF(p,2,x"2-b*x-a):
beta:=G[ConvertIn] (x):
alpha:=G[‘-‘](G[ConvertIn] (b),beta):
tau:=G[‘/‘] (beta,alpha):
while G[order] (tau)<>p+1 do
while not Irreduc(x”2-b*x-a) mod(p) do a:=r(): b:=r(): od:
G:=GF(p,2,x"2-b*x-a):
beta:=G[ConvertIn] (x):
alpha:=G[‘-‘](G[ConvertIn] (b),beta):
tau:=G[‘/ ‘] (beta,alpha):
od:
print(a);
print(b);

end;
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